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Abstract

The scheme of quantisation of non-local field theory is formulated.

An intermediate regularisation is introduced into the non-local Lagrangian of the
classical scalar field in such a way that the procedure of the canonical quantisation leads
to the appearance of additional ghost states with indefinite metrics. The ghost states
disappear when the regularisation is removed but the propagator of the scalar particle
becomes non-local and the S-matrix is finite, unitary, causal and covariant in each
perturbation order.

1. Introduction

The self-consistent non-local quantum field theory was formulated by
Efimov (1968, 1970) in the framework of the Bogolubov, Mevedev &
Polivanov (1958) and Bogolubov & Shirkov (1969) axiomatics.

The outline of the construction of the S-matrix in the non-local theory
consisted of the following. The general axioms were formulated, then a
certain non-local Lagrangian of the classical field was considered. For example,
in the case of the one-component scalar field ¢ (x) the Lagrangian of this kind
can be

2 @) =boe) @M@ — g ([ DKE-»em))f (1)

where K (x — y) is a non-local form factor. In order to construct the S-matrix
in perturbation theory we used the correspondence principle which states that
for infinitesimal g the S-matrix has the form

S=1—ig fdx: ”dyK(x ~ e} 1.2)

where (x) is the quantised scalar field which satisfies
C—mHp(x)=0 (1.3)
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20 G. V. EFIMOV

In constructing the highest perturbation orders we then introduced a reaction,
according to which the propagator of the scalar particle changes into the
following:
= 2
N 1405

m? —k: —ie m*—Kk*—ie

(1.4)

We also indicated the class of functions to which the form factor [K(k)]?
belongs and introduced an intermediate regularisation in the framework of
which the finite Smatrix was constructed. After the regularisation had been
removed we proved that the S-matrix satisfies all general axioms: unitarity,
causality, covariance, gauge invariance and so on.

In this sense our scheme is purely constructive because it gives some
prescriptions within the bounds of which it is possible to construct a finite
S-matrix satisfying all initial axioms. However, the suggested scheme is not
connected with any canonical quantisation of non-local classical fields of the
type (1.1).

In the present paper we propose a procedure of canonical quantisation of
non-local fields which are described by the Lagrangian of the type (1.1). Our
idea is as follows: We introduce a certain regularisation into the classical
Lagrangian in such a way which permits us to carry out the usual canonical
quantisation. This quantisation leads to the appearance of additional ghost
states with indefinite metrics. The ghost states disappear when the regularisa-
tion is removed, but a trace remains, namely the propagator of the scalar
particle becomes non-local according to (1.4).

Distant analogy of the procedure proposed is the method of quantisation
of the electromagnetic field (see, for example, Bogolubov & Shirkov (1969).
The real physical photon can be in two states with transverse polarisations
only. However, these states cannot lead to the correct propagator of the
photon. In order to get the propagator of the virtual photon in the form

6;}.1}
—k*—ie

it is necessary to introduce non-physical scalar and longitudinal quanta with
indefinite metrics into consideration. The Lorentz condition

D, (k%) = (1.5)

d ”A‘(;’) (x) | any physical state)= 0

and the current conservation 3,,.J,,(x) = 0 guarantee that the scalar and
longitudinal quanta do not appear in any interactions of physical transverse
photons with electrons. However, their role is that they contribute to the
propagator (1.5), i.e. the virtual photon consists of transverse, longitudinal
and scalar quanta.

2. Formulation of the Quantisation Problem

Let us consider a cne-component scalar field o (x). The Lagrangian density
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describing the classical field ¢(x) can be written in the form
)= (x)O— m*)o(x) +gUK(*D)p(x)) 2.1

Here (0= — (9% /0x,%) + (8%/0x?), I is a given parameter having the dimension
of length, g is the coupling constant, U(w) is a function describing self-
interaction of the scalar field ¢ (x). We suppose that U(w) is analytical in the
neighbourhood of the real axis in the complex w =u + iv-plane. In all other
respects it is an arbitrary function. The classes of functions U(w) for which
the finite non-local S-matrix can be constructed are considered in detail in
Alebastrov & Efimov (1972, 1973).

The operator K(/*0)in (2.1) is non-local and can be presented in the form
> G

K@POy= > @Oy 2.2

o) 20 a1 @O @2

In what follows, for convenience we consider the operators
V)= [K(PO)]? {2.3)
and suppose that the function V{(z) satisfies the following conditions:

(1) V(z)is an entire function of the finite order 3 <p <1,i.e.3C >0,
>0

[ V(2)| < Cexp (b]z|?),
(2) [V@)]*= V),
(3) V() =1,
4) V(x)=0 for real x,

) 0 —1——), Rez - —

o- |l
Ofexp {blz|*}), Re z = 40

In the expansion

©) V@)= valz - m?)"
n=0
the coefficients v, satisfy
(7 vo=1, v,>0, Vn,
(8 3Cc>0, A>0 that
An

}"(_Z_":)

Thus we have described all the quantities in the Lagrangian density (2.1).

v, <C
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The wave equation for the classical scalar field ¢(x) can be obtained accord-
ing to the principle of stationary action and may be represented in the form

(@ - m)p(x) = —gK (P THU'K (* Dyp (x)) 24

Let us introduce the field

$(x) = K(* ) wlx) (2.5)
Then the total Lagrangian (2.1) for the field ¢(x) is
Z (x)=30(x)EDD) ¢(x) + gU($(x)) (2-6)
where
0 —m?
E()= VEDy (2.7)

Formally the wave equation is written as
E(O)(x) = —gU'(9(x)) (2:8)
for the interacting field, and

O—m?
V(lz[:})

E(D)e(x) = #(x)=0 29

for the free field.

The problem is how to understand these equations, how to investigate and
solve them and how to perform the quantisation of the field ¢(x).

We proceed in the following way. Instead of equations (2.8) or (2.9) we
consider a regularised equation

EX ()¢ (x) = —gU'(9°(x)) (2.10)
or, in the case g = 0,
EX(O)¢°(x) =0
Here § is a parameter of the regularisation such that

O-m?
V(D)

lim E°(0) = B@) = (2.11)

Accordingly, instead of the Lagrangian (2.6) we obtain
2°() = 36" B (D () + gU(° (x) (2.12)

Our regularisation is chosen in such a way that the function
2

o K —m
B = (k%)
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has zeros in some set of points

B~ & - m?)] & - m?e) (2.13)
i=1

We suppose that
mAE)>0  (j=1,2,3,..)
and
mP(8) >

when § = 0.

Then the field ¢°(x) (6 > 0) can be quantised by the methods with indefinite
metrics (see papers of Blokhintsev (1947), Pais & Uhlenbeck (1950) and Nagy
{1966)).

The Hamiltonian Hy® and the vector space of states #°° with indefinite
metrics can be constructed for the free system when § > 0. Further the §°-
matrix can be found for the interacting system.

By definition, we consider that when § - 0 the limits of all physical quanti-
ties (S-matrix, current operator J(x) = i(55/5¢)S ¥, Green function G(x, . . ., x,,)
and so on) are the quantum field solution of the initial system (2.6).

The problem is to indicate such a regularisation procedure which provides
the existence of the limits of all operators and matrix elements for any physi-
cal quantities at § = 0. It means that we have to obtain a self-consistent theory
in the limit & — 0. This paper is devoted to this problem.

3. Regularisation Procedure

The regularisation is introduced in the following way. Instead of the func-
tion

VIR = 2 v, Pk — m?)? (3.1
n=0
we introduce the regularised function

0 v Zzn(kz . mZ)}'I
V222 = Z s s (3.2)
=0 1 §~ K —m

" H i m?

i=1

It is convenient to denote

z=", A=m?P 3.3)
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Then

VE(ZK) = i U?’l?\n(z o 1)71

n+l $ (3.4)
n=0 H(l -*']f‘(Z-— l))

j=1
Let us consider the function
2
- -1
B s = 2 3.5
( ) Vﬁ(k212) =m V‘S(Z}\) ( )

The following representation is valid

1 1 Ve 1< )’AS
= =— 3.6
EK*) m? z—1 m? Z (3.6)
Here
w=1+L  G=0,1,2,..) (3.7)
Q
- N n (7’2 + 2)? Z_ " 3.8
4 2, N T2 i\ S
n=max{0,j—2}
S (-YAfuf=0  fors=0,1 (3.9)
=0

The numbers A,-‘S can be represented in the form

5. L [0+ A
Af'zm@ g V((l+§)5>‘)

It is easy to obtain the following estimate

2 - e
Aj <mj\irn-—~§}—— ((1+N) 7\) Ctgl\irna;]j'v) exp{b{(l +N)%7\l}

= const. [B(8)]7 exp [— (-li-’i) jlog j} (G »<) (3.10)

The function D°(k?) = [E®(k*)] ! has the properties:

(1) It is a meromorphic analytical function in the complex k*plane and
has the simple poles at the points

mA(8) = mPy; =m* (1 *%{) (G=0,1,2,..)
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(2) The residues of DP(k?) at these points are

Res DP(k?) = ()4}
k2=mj2(8)

(3) When | k%] o in all k>-plane, except the ray [m?, «).
V5(k212) 1
8
D%(k*) = 2 =0

&2
(4) The function D®(k®) may have zeros at the points ap®=1,2,3,..)

) lim, DP(R) = V(kzlz)2

4. Quantisation of the Regularised Equation
Let us consider the classical system described by the Lagrangian density:
£°(x) =4° E*(@P°(x) + gUB°(x) (CHY)

where the regularised operator £ 5([]) satisfies the properties enumerated
above.

According to the principle of stationary action, the wave equation for the
system described by (4.1) has the form

EX()9%x) = —gU'(¢°(x)) 4.2)

It is the differential equation of the infinite order, i.e. it is an integral equation.
In order to solve the Cauchy problem we have to know the values of the func-
tion ¢°(x) and all its derivatives in the initial moment of time.

We analyse the solving of this equation following the scheme proposed by
Pais and Uhlenbeck (1950). Let us introduce a system of fields

EXD)
Sy 5 5
7= VAN 5 40 (43)
where
mi(8) =m? (1 +—]5—) G=0,1,2,..) (4.4)

According to definition (4.3), the fields ¢j5(x) are not independent for different
j and they satisfy the correlations

5 8() B 5
VU F gy #°0 = V)

The field ¢®(x) can be expressed as

E (D)

i %@ @)

P x) = 530 (Y VAP ) @.6)
p:
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In fact, on the one hand, the following chain of equalities

(D)

(3
2(5) ¢ (X)

¢’ (x) = Z YV, )\/(Aa)

EX @) (x) = 6°(x)

2—-—L—( : Az(a) E°(O)°(x) =

is valid. On the otner hand, using (4.5) it is possible to obtain

Eﬁ(D)

E°(C
66 = Vi =) (2)(5)Z<-—>'\/(A o060
_% oy £'Q) ()4l
2 OIVAIAA 5 s 60 = ZD iy E O )
= ¢/ (x)

On the basis of the correlations (4.3), (4 5) and (4.6) the Lagrangian density
can be expressed in terms of the fields qb} x);

250x) =} SO (Yo G@ — mA(E)sP (x)
P

+gU(_§'fo (~)’\/(A,-6>¢ﬁ(x)) (“.7)
j=

Equation (4.2) can be written in the form of the infinite system of equations
@~ mPENg ()= —g V(AU (20(-)8\/(Af)¢f<x))

(G=0,1,2,...) (4.8)

In fact substituting (4.6) into (4.2) and making use of (4.5) it is possible to
obtain

FOF@=E@) 3 PV
p:

- i 5 1 2 6( ) B
- jgf} (H)]\/(Aj ) \/(A 5) (D my (6))\/(Ak ) 2(5) ¢] (x)
_O-mg?() < ( )A 5

= 9:._”33@2 = _gl] S ) Sy 6 >
\/(Aka) ¢k (x) gU (sgo( ) \/(As )¢S (x)
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From here it follows (4.8).

Thus the Lagrangian (4.7) and the system of (4.8) are completely equivalent
to the Lagrangian (4.1) and equation (4.2).

Proving this equivalence we have considered that the fields ¢,5(x) are not
independent because they are defined by the correlation (4.3). However the
representation of the Lagrangian in the form (4.7) and the wave equation in
the system (4.8) allows us to consider these fields, qS, (x), as being completely
independent.

This method is well known in the theory of differential equations. It is used
usually when a differential equation of the highest order is replaced by a system
of differential equations of the first order.

Starting from the Lagrangian (4.7) which describes the system of the inde-
pendent fields {qﬁj } and leads to the system of equations (4.8) it is easy to
show that the field

) =3 Y VUD )
j=0
satisfies equation (4.2), and correlation (4.5} is valid.

Thus we can consider that our initial system (4.1) is described by the
Lagrangian (4.7) where the fields are independent and satisfy the wave equa-
tions (4.8).

All the above-stated arguments concerned the classical field theory. The
quantisation of the system of the classical fields {q)f(x)} can be performed
according to the canonical procedure of quantisation (see, for example
Wentzel (1943)). Let us introduce a momentum field, conjugate to qb, (x,0)

6 5 8
16 0= i [ 0.0= Va0 @9

We treat (j)ja and Hjﬁ as operators with the commutation relations:

[¢j6 (X, O)a ¢]§ (xla O)]- = [Hja(x: 0): H?'(X,’ 0)]-— =0
[6°(x, 0), 1T} (x,0)]_ = 8,78 (x — X) (4.10)

or
[67 (x, 0), 7 (x', O))_ =i(~-)8;78(x — x) @.11)

It is seen that the indefinite metrics is to be employed to quantise our sys-
temn in a regular manner (see Nagy (1966)).

As we are unable to solve the system of equations (4.8) exactly, our pro-
blem is to construct the perturbation series for the S- matrlx and we perform
the quantisation of the non-interacting system of fields {q), (x)} . Instead of
{4.8) we have

O-mPENe)=0  (=0,1,2,...) (4.12)
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The solution of these equations can be written in the form

$200) = @jie™™ + dfy ™) (4.13)

1 dk
(@nyFe f V)
wh = VI[K + mf()] i/[ [K? +m? (1 +~2—)}

The commutation relations (4.10) and (4.11) leads to the operators djy and
djy to satisfy

die Al = [dix, dife]_=0
[]k ]k] []k ]k] (4.14)

[k, di]-= (=)8;;8(k — K)

The Hamiltonian of the non-interacting system can easily be obtained

=3 Y [ dkeopediidi (4.15)
]:

The system under consideration consists of quanta with the following mass
spectra

m?, i=0

: (4.16)
-2 =
mi@)= e (1 +-16-) i=1,2,3,...

Let us denote
dox=ax,  dox=ax 4.17)

When & - 0, the masses of quanta withj =1, 2, 3, . .. go to infinity, accord-
ing to (4.16). These quanta are called ghost states or ghosts. The quanta with
j = Q have the finite mass m. We call them normal particles or scalar particles
with mass m.

The space of states # ® is a vector space with indefinite metrics. It consists
of

(1) avacuum state |0), that is unique, defined by the conditions
dixl0>=0
and normalised by (0]0) = 1;
(2) one-particle states [j, k) = dji0) which are normalised by
G kI7, KDY= (-Y8;8(k — k')
and are eigenstates of the Hamiltonian Hy?
Ho'lj, k0= ey, k;
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(3) many-particle states. If there are n particles with momenta ky, . . ., kp
and among them there are vy, vy, . ., v, (= vy t 1y ++ - - +p,) identi-
cal particles, i.e. with the same index j, then the following is given:

d]";k,. . -d;nkn 10>
\/(V;! . .Va!)

These states are also eigenstates of Hy’:

Iy =1iL, ki oo Gin, Kt =

Holln) = (wf i, + + - - + W)l

All these states generate a complete system of eigenstates in the vector
space % ie.

R 5lox0l+3 3 (P [k [ dikylnxal=1

n=1 ]'1 vfn=0

What does happen with the space #°° when & — 07 At 8 - 0 the masses of
all ghosts increase according to (4.16). Therefore if any physical state is char-
acterised by a definite value of energy then in the limit § - 0 no physical
states with arbitrary but finite energy can consist of ghost quanta. In this sense
we have

lim #° = (4.18)

&0

where 5 is the Hilbert space which contains
(1) avacuum state |0), 2|0} =0,
(2) single- and many-particle states

1
Imy=lky, ...k, = mai,--.aﬂnm)

All these states generate the complete system in #

® = 10%0] +n§lf dk; .. . jdk,,lkl,..., kKo, .kl =1

5. Green Functions of the Field ¢°(x)
First of all, let us consider the commutator
A - y) = [°(), 6° 0] (5.1)

Substituting the representation (4.8) into (5.1) and using (4.9) and (4.13) we
obtain

M= 3 (V47060 (5.2)
P
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where
8 - 1 ~ikx
Af(x)= a f d*ke(ko)s(k* — mP(8)) =%
= o)~ 2 b Ve 63)
2mi dmi/(x?) /
Because the series (5.2) converges absolutely we have

A’(x)=0  whenx®><0 (5.4)

Thus the operator ¢ (x) satlsﬁes the local commutation relations.
Now let us introduce A(+)(x) functions according to

B(x — ¥) = Al — x) =016° ()6 (1) 0) (5.5)
We have
M) = 3 (VAPA ) (5.6)
P
where
A y(x) = {2 an J d*k0(ko)5(k> — mP(8)) e = (5.7

For x% - 0, according to Bogolubov & Shirkov (1969), one can get

M) = 2 o)) ~ 757 o
2 2 2 2
+nz67(752)10g - (i),x I m;;é@) e(x0)0(x?) + O(x” log x?)

Substituting this expansion into (5.6) we get

1 & .
Ayx)= o Z (YA mP () logmi(8) + O(x> log x?)

Here we have used the correlatlons (3.9). Hence it appears that the function
A( y(x) is finite at x = 0 and

A(5~—)(0) = Z (—)Au; log py < = (58

Ten®

It means that the operator ¢°(x) is well-defined because of

(01¢P(x)6? (x)I0Y = A7 4(0) <o (5.9)
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Let us consider the causal Green function

AL (x — p) =0l T(9° (x)9° (y))|0>—z (Y4 A%x~y)  (5.10)

j=

where
[ dkeT
c(x)* 2 2 2
Q2n )l.} m;i’(8) — k* —ie
Otherwise
AL(x) = o )4 dkAS(K?) e~ 1k* (5.11)
where

~ 8 _ < (_)]:4'6
AC () —g(; mi(8) — k* — ie

1 L Unl2n(k2 _ m2)n
- 5.12
m?—k*—ie 2)’”21 5 k* —m?+ie (5-12)
e _ oK —m T
N s

The function AZ2(k?) is analytic in the complex k2-plane for Im k* > 0 and

~ 1
5 —
B20ey=0 (| kz,s)
when k? — o for Im k% > 0.

The retarded and advanced Green functions can be defined in the following
way

Afet(x) = 8(x0)A°(x) = A (x) + Aln)

5.13)
Agavx) = ~0(=x0)A°(x) = AL (x) — AL(x) (
They satisfy the conditions
x*<0
!-et(x) 0 for 2
x2>0,x0<0
2 (5.14)
Als(x)=0 for x <0
ad x2>0,x,>0

Thus we can see that all Green functions satxsfy all requirements of the local
quantum field theory. It means that the field #%(x) is local.
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The following correlations are valid for the Green functions A2 (x) and
Ag)x):
AL() = 0(xa)ALy00) + 0(~x0)A%x)
Al(x) = 0xa)AS(x) + 0(—x0)A2 (x)

An additional correlation should be mentioned because it is important when
proving the unitarity of the S-matrix regularised:

<0
In other words, the T-product in the Wick sense coincides with the T-product

in the Dyson sense, i.e. symbolically
Tw=Tp .17

(5.15)

9 509 s
T(axﬁ ()50 (y))

= 3? 5 8
0>~ axuayv@li"(éb ()’ ONI0) (5.16)

Indeed, it is easy to obtain for the fields ¢,-5(x)
32
axudyp

(Ol T(3(x)py° ()1 09
4

(0]1T@°(x)° () 0) — <0!T (53— $°(x) 2 ¢5(x))
X axy

0> + i(H)iﬁjj’5Mo5u05(4)(x -¥)

)

= 808,00 Mx - y) 2 (-)4f =0
j=o

0 2 5
Tl — 65 — 65
(Lo o)
Therefore

82
X0y

according to (3.9). Thus the following correlations take place
30y AL (x) = 0(x )00, AL y(x) + 0(=x)0 0, Al (x) (5.18)

8u0p Ay(x) = 0(x0)3,dp A (x) + 8(~x)3,,0, A8 (x)

6. The Green Functions in the Limit 6 -0

The Green functions in the limit § - 0 are distributions which are defined
on a space of test functions Z,. Therefore we have to consider improper transi-
tions to the limit, i.e. investigate the limits

Jim [ axG* e = im [ akG o7 =" (6.1)

where G5(x) is a Green function and f(x) € Z,.
Let us define our space of test functions Z,. We say that f{x,,. . .,X,) €Z,
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if
(1) f(zy, . - ., 2z5) is an en‘ire analytical function of n complex variables
z,=x, +iy, W=1,2, ..., n)for which there exist such C >0 and

A,>0@w=1,..., n)that
n
jf(zls LEEIRYY Zf’l)f g*Cve‘xp Z Avlzvla
p=1
(2) foranyy, (v=1,2,...,n)
f dxy... f dxplfleitivy, .. o xy tivy)l < oo

The number # is chosen depending on the interaction Lagrangian under con-
sideration and the order of the form factor K(k%/%). It is necessary to choose

p<—2 (6.2)

0
1<a<
o1 20— 1)

The space Z,, which is the space of Fourier transformations of functions
fE€ Z,, consists of differentiable functions Apy, . . ., py,) satisfying the condition

(3) there exist positive numbers C>0and B, >0(v =1, ..., n) that

E]
@y )l < Cexp {~ Zl Bulp,ﬁ} (6.3)
o
where
- 4 Y
y= 1 and p< )

First of all, let us consider the commutator A%(x). We have

lim [ axa’G)f) = ;gno J @B

G kR =) ¢l & (64)

where

dk o = i
Q= f (2n)® flk) ;gl (VA4 elko)s (k> — m(5))

5 dkdko » )
= 5 yaf [ | G52k 0eti0 -~ mi o)
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The following estimation can be obtained

If =

dkdkq
[ |Gy ko tkonts - mito

1

SGn? f 20 [ Ao k)| + | A )]

dk
<const. | —5 exp {~B[(wh)? + [k["]}
(‘-’jk
Making use of the inequality
(h)” + K[ = (VK +mAE))T + [KIY > hy(mi(8))Y + by k[
where i1y = 20721 p, = 1+ 2021 now 0% is evaluated to be

dk exp (~Bh,|k[")
[m*(8) + k]

%< § < const. Z AP exp (—Bh (m](g))v)f

j=1

< const. i 1+N)2 .(S_exp{ {(IHV)—ZS;rthl (mJ 1+§)7}

Because of p < y/2, we have

a +N)2

< § . const.

|08 <5 . const. z

and finally
- & =
Jim, 10°1=0

Thus in the limit 8 - 0 the commutator A%(x) changes into the commutator of
the scalar field y(x)

gi% A5(x) = A(x) = 515; fdke(ko)ﬁ(kz — m?) e kx (6.5)

In the same manner it is easy to show that in the improper sense

. 1 _ i
lim () = Aofo) = s [ dOCRQS — ) e (6.6)
The existence of these limits means that there exists a weak limit
girr}) $°(x) = o(x) (6.7)

where ¢{x) is the scalar field of mass m satisfying the free wave equation

@O —m*)p@x)=0
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Consequently, all ghost states disappear in the limit § - 0. This result con-
firms the statement that

lim % =

§—0

which was accomplished in Section 4.
Consider now the causal function A2 (x). We have

dk - N

. & - 8772

= ASDf(k

jim [ aval@se) = fim | o 357

o dk fk) T (0

50 @emti m* - k? —ie ,120"*2 1_§_k2—m2—ie
H j m?

j=1

1 f dkV(K*P)f (k)

B @mti ) m* —k*—ie
This integral converges because the estimation
VRl < C exp (b1 |ko? — K*|P — B[lkol” + [K|"]}

is valid, and p < /2.

Thus the causal function A,(x) changes in the limit § - 0 into a non-local
propagator

V(k*1%) o
tim AL (k) =—5——5—= Dk :
Jim AL = = D) (69)

The function D (k?) has a single pole at k* = m?. This pole corresponds to the
scalar particle with mass m. The poles corresponding to all ghost states have
disappeared. The form factor ¥(k*I?) is an entire function and it does not
correspond to any real state. This form factor describes a non-local character
of the interaction of our scalar particles.

Thus in the limit § - 0 our theory becomes non-local.

Consequently, the non-local character of the interaction of the classical
field (2.1) is revealed in quantum field theory as a residual effect of non-
physical ghost states when these ghosts are removed by the transition to the
limit 6 - 0. '

7. Unitarity of the S-Matrix

The interacting system is described by the Lagrangian density (4.7). The
total Hamiltonian of this system has the form

H =HS+H} (7.1
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Here H,® is given by (4.15) and

Hf=—¢ f dx: UP(x, 0)): (7.2)

where ¢°(x, 0) is defined by (4.6).

Let us find the S-matrix corresponding to the interaction Hamiltonian (7.2).
According to the standard procedure, a counter-term should be introduced to
provide the construction of the finite S~matrix on the mass shell. These counter-
terms are responsible for the renormalisation of the vacuum energy, the mass
and the wave function of our scalar particle. In order to take into account
correctly the contributions of the interaction Hamiltonian and the counter-
texms it is necessary to introduce an operation of ‘switching on’ and ‘switching
off’ the interaction. Thus the regularised S-matrix can be written in the form

§oL = Texp{i f dx [g (%) L U0 (x)):

sm? (g (f)) 62080 (x) -
-3z, (g (%)) 2@ - m)P): —E (g (%)m (7.3)

sm(g(x)) = 22 Smiyle)]”

Rt

Here

25D = 3 Zale))” 74

EGGN= 3 Egle))

The counter-terms 6m?(g) and Z,(g) are responsible for the renormalisation of
the mass operator of scalar particle Z(p?), so that in the limits 8 - 0 and

FAR -
Zp?) = Zp?) — sm® — Z,(p* —m?)
and
T (m*)=Z(m*)=0

in each perturbation order. The counter-term £(g) is responsible for removing
the amplitude of the vacuum-vacuum transition.

The large parameter L defines the intensity of switching on the interaction.
The function g(x) satisfies the conditions

(1) 0<sglx)<g
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(2) g0)=¢
(3) 3%(x)=0=0 fors=1,2,3,4
where 9° =9, ... 9y

@ [ glo)ax <o

(5) sx)€Z,

Our problem is to investigate the perturbation series for the %

-matrix

= 1 x x
SS’L--HZ;'—jdxl...fdxng(zi)...g(L—”) 20, .. uxn) (1.5)
n=1

It is necessary to show that there exists the following sequence of limits in
each perturbation order

St = ﬁlime s (7.6)
§= lim st (7.7)

Further we have to prove that the S-matrix (7.7) is unitary in perturbation
theory, i.e.

8§87 =1 (7.8)

This proof is given in Alebastrov & Efimov (1972, 1973). It is completely
correct in the case under consideration.
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